KMS STATES AND BRANCHED POINTS 

MASAKI IZUMI, TSUYOSHI KAJIWARA, AND YASUO WATATANI 



Abstract. We completely classify the KMS states for the gauge actfon on a C*- 
algebra associated with a rational function R introduced in our previous work. 
The gauge action has a phase transition at /3 = logdegi?. We can recover the 
degree of i?, the number of branched points, the number of exceptional points 
and the orbits of exceptional points from the structure of the KMS states. We 
also classify the KMS states for C*-algebras associated with some self-similar sets, 
including the full tent map and the Sierpinski gasket by a similar method. 



1. Introduction 

It is of fundamental interest in operator algebras to analyze interplay between a 
geometric or dynamical object and a C*-algebra associated with it. For a branched 
covering, Deaconu and Muhly |3] introduced a C*-algebra associated with it using a 
r-discrete groupoid. A typical example of a branched covering is a rational function 
regarded as a self-map of the Riemann sphere C. In order to capture information 
of the branched points for the complex dynamical system arising from a rational 
function i?, the second and third-named authors ^\ introduced a slightly different 
construction of a C*-algebra C_r(C) (resp. Or{Jr) and Or{Fr)) associated with R 
on C (resp. the Julia set Jr and the Fatou set Fr of R). The C*-algebra Cr(C) is 
the Cuntz-Pimsner algebra of a Hilbert bimodule over the C*-algebra C (C) of the 
set of continuous functions and the other two are defined in a similar way. 

One of the purposes of the present paper is to discuss KMS states for the gauge 
action on the C*-algebra Or{(1). The structure of the KMS states reflects that of 
the singular points of R as we expected. We completely classify the KMS states for 
the gauge action of Or{(1). If R has no exceptional points, then the gauge action 
has a phase transition at /? = logdegi? in the following sense: In the region < 
(5 < logdegi?, no KMS-state exists. A unique KMS-state exists at /? = logdegi?, 
which is of type IIIi/dcgR and corresponds to the Lyubich measure. The extreme 
/3-KMS states at /3 > log deg i? are parameterized by the branched points of i? and 
are factor states of type I. If i? has exceptional points, then there appear additional 
/?-KMS states for < /5 < logdegi? parameterized by exceptional points. We can 
recover the degree of i?, the number of branched points, the number of exceptional 
points from the structure of the KMS states. The orbits of exceptional points are 
distinguished by 0-KMS states. 

1 



We also classify the KMS states for the C*-algebras associated with some self- 
similar sets including the full tent map and the Sierpinski gasket by a similar method. 

Olsen-Pedersen |^ showed that a /3-KMS state for the gauge action of the Cuntz 
algebra 0„ exists if and only if /3 = logn and that logn-KMS state is unique. 
Since then, several authors have discussed KMS states for the gauge action (and 
its generalization) of the Cuntz-Pimsner algebra (and its generalization). Here we 
content ourselves with only giving an incomplete list of such works: [Hj, [Zj, [Sj, 
P, [E!, US], [21], 122], |2ni, |2S], [2E], [21, [S21. Among the others, in this paper 
we follow Laca and Neshveyev's approach where the structure of the KMS states is 
described in terms of a certain Perron- Frobenius type operator. We give an explicit 
description of the Perron- Frobenius type operator in our cases, which allows us to 
perform detailed analysis of the KMS states. 

This paper is an extended version of the preprint 19|. 

2. Dynamical systems and Hilbert bimodules 

In this section, we recall our construction of the C*-algebras associated with 
rational functions in ^Tj and self-similar sets in j^, which are constructed as the 
Cuntz-Pimsner algebras [8T] . 

2.1. The Cuntz-Pimsner algebra. Let A be a C*-algebra and X be a Hilbert 
right A-module. We denote by L{X) the algebra of the adjointable bounded opera- 
tors on X. For ^, i] E X, the "rank one" operator 9^ r] is defined by %,r?(C) = ^(^IC)a 
for ( E X. The closure of the linear span of the rank one operators is denoted by 
K{X). 

A sequence (m„)„ in X is said to be a countable basis of X over A if for any x E X, 
the series J2'^=i '^n{un\x) a converges to x in norm. We note that (u„)„ converges 
unconditionally in the sense that the net {^neF '^ri{un\x) a) f , where F runs all finite 
subsets of N, converges to x in norm. (See [E] on basis). We have \\un\\ < 1 and 
the sequence C^k=i^uk,uk)n is an approximate unit for K{X). 

We say that X is a Hilbert bimodule over A if X is a Hilbert right A- module 
with a *-homomorphism (p : A L{X). We always assume that X is full and is 
injective. Let F[X) = ©^q"^^" ^^^^ Fock module of X with a convention 

X^o ^ ^ YoT { e X, the creation operator e L{F{X)) is defined by 

ma) = and T^{^i ■ ■ ■ ® ^„) = ^ ® ® ■ ■ ■ 

We define ip^x) : A ^ L{F{X)) hy 

iF{x){a){h) = ah and iF{x){a){^i ® ■ ■ ■ ® in) = </>(a)6 ® ■ ■ ■ ® 

for a, 6 G A. The Cuntz- Toeplitz algebra Tx is the C*-algebra acting on F{X) 
generated by iF{x){.o) with a G A and with ^ G X. 

Let iK\K{X) Tx he the homomorphism defined by jK{^^,ri) = T^T*. We 
consider the ideal Ix '■= (t>~^{K{X)) of A. Let J7x be the ideal of Tx generated by 
{^i^(x)(ci) — {Jk ° 0)(ct); £ Ix}- Then the Cuntz-Pimsner algebra Ox is defined as 
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the quotient TxjJx ■ Let tt : 7x — > Ox be the quotient map. We set = 7r(T^) 
and i{a) = 7r(iF(x)(a)). Let ix '■ K{X) —>■ Ox be the homomorphism defined by 
iK{0^,ri) = S^S;. Then 7r{{jK o (j)){a)) = {ik o (j)){a) for a e Ix- 

The Cuntz-Pimsner algebra Ox is the universal C*-algebra generated by i{a) 
with a G A and with ^ G X satisfying that i{a)S^ = 5'(^(a)^, S^i{a) = S^a, 
S^Sf) = for a G a, ^, ?7 G X and i{a) = {Ik o 0)(a) for a G Ix- We usually 

identify i{a) with a in A. We also identify with ^ ^ X and simply write { instead 
of -S^. 

There exists an action a : R — > Aut Ox defined by Oit{^) — e**^ for ^ G X and 
at{a) = a for a G ^, which is called the gauge action. 

2.2. The case of rational functions. Let i? be a rational function with N = 
degR, that is, if R{z) = P{z)/Q{z) with relatively prime polynomials P{z) and 
Q{z), the degree degi? is the maximum of those of P{z) and Q{z). We regard R as 
a A/"- fold branched covering map i? : C — > C on the Riemann sphere C = C U {oo}. 
The sequence of iterations of R gives a complex dynamical system on C. The 

Fatou set of R is the maximal open subset of C on which {R"')n is equicontinuous 
(or a normal family), and the Julia set of R is the complement of the Fatou set 
in C. We always assume that R is of degree at least two. 

Recall that a branched point of i? is a point zq around which R is not locally one 
to one. It is a zero of the derivative R' or a pole of R of order two or higher. The 
image wq = R{zq) is called a branch value of R. Using appropriate local charts, if 
R{z) = Wq + c{z — Zq)"' + (higher terms) with n > 1 and c 7^ on some neighborhood 
of Zq, then the integer n — e{zo) is called the branch index of R at Zq. Thus 
e(-2o) > 2 if ^0 is a branched point and e{zo) = 1 otherwise. Therefore R is an 
e(zo) : 1 map in a punctured neighborhood of Zq. Let B{R) be the set of branched 
points of R and C{R) be the set of the branch values of R. Then the restriction 
R : C \ R^^{C{R)) ^ C \ C{R) is an X-to-one regular covering. 

Let A = C(C) and X = C(graph/?) be the set of continuous functions on C and 
graph i? respectively, where graph i? = {{x,y) G C'^;y = R{x)} is the graph of R. 
Then X is an A-A bimodule by 

(a • ^ • b){x, y) = a{x)^{x, y)b{y), a,b E A, ^ E X. 

We define an A- valued inner product ( | ) a on X by 

Thanks to the branch index e{x), the inner product above gives a continuous function 
and X is a full Hilbert bimodule over A without completion. The left action of A is 
unital and faithful. 

Since the Julia set Jr is completely invariant under R, i.e., R{Jr) = Jr = 
R~^{Jr), we can consider the restriction R\jj^ : Jr — > Jr, which will be often 
denoted by the same letter R. Let graph = {{^tV) E Jr x Jr ; y — R{x)} be 
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the graph of the restriction map R\jp, and X{Jji) = C(graphi?| j^). In the same way 
as above, X^Jn) is a full Hilbert bimodule over C{Jr). Since the Fatou set Fr is 
also completely invariant, X[Fr) := Cq (graph is a full Hilbert bimodule over 

Co{Fr). 

Definition 2.1 (|IZ|)- The C*-algebra Or{C) is defined as the Cuntz-Pimsner al- 
gebra of the Hilbert bimodule X = C(graphi?) over A = C(C). When the Julia set 
Jr is not empty (for example degi? > 2), we define the C*-algebra Or{Jr) as the 
Cuntz-Pimsner algebra of the Hilbert bimodule X = C(graphi?| j^) over A = C{Jr). 
When the Fatou set Fr is not empty, the C*-algebra Or{Fr) is defined similarly. 

2.3. The case of self-similar sets. Let (f2, d) be a separable, complete metric 
space f2 with a metric d. Let 7 = (71, ... , 7Ar) be a system of continuous maps from 
VL to itself. We say that 7^ is a proper contraction if there exist positive constants 
Ci and C2 with < Ci < C2 < 1 satisfying the condition: 

cid{x,y) <d(cii{x),-ii{y)) <C2d{x,y), z = 1, 2, .., A^, Va;, ?/ G X. 

We say that a non-empty compact sei K G VL is self-similar (in a weak sense) 
with respect to the system 7 = (71, ... , 77v) if 

N 

1=1 

If the contractions are proper, then there exists a unique self-similar set i^" C X. In 
this note we usually forget the ambient space fl and assume that 7 = (71, . . . ,7Ar) 
is a system of continuous functions on a self-similar K. 
We use the following notations: 

^3(7) = {x G K\x = 'jjiy) = 1j'{y) for some y E K and j 7^ j'} 
C(7) = {y e K\-ij{y) = -fj>{y) for some j ^ j'} 

We call a point in B{'y) a branched point, and a point in C{'y) a branch value. If 
7 = (71, . . . , 77v) is a system of branches of for a certain map R, the terms are 
compatible with those for R. 

We set Q to be the union of the cographs of 7i for i = 1, 2, ■ ■ ■ , X, that is, 

N 

Q = GiH ^ J = 1' 2, .., N}) := |J{(a;, y) eK';x = 7.(2/)}. 

i=l 

Let A = C{K) and let X = C{g). Then X is an A- A bimodule by 
(a ■ / ■ b){x, y) = a{x)f{x, y)b{y), a,b e A, / G X. 
We introduce an A- valued inner product ( | )a on X by 

N 

i^\v)Aiy) = ^WuhJWy)vir1^{y),y). ^,gex, yeK. 
1=1 
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Definition 2.2 (|il8j). Let {K^ d) be a compact metric space and 7 = (71, . . . ,7Ar) 
be a system of proper contractions on K. Assume tliat K is self-similar. The C*- 
algebra 0^{K) is defined as the Cuntz-Pimsner algebra Ox of the Hilbert bimodule 
X = C{g) over A = C{K). 

3. KMS STATES 

First we recall some facts on KMS states on general Cuntz-Pimsner algebras from 
Laca and Neshveyev |23J. Let A be a C*-algebra and X be a full Hilbert A- A 
bimodule with a non-degenerate left A-action. Let a be the gauge action. For 
/3 > 0, we denote by Kp{a) the set of /3-KMS states for (Ox, «)• 

In the following we assume that there exists a countable basis {ui}'^^ for X as a 
right Hilbert A-module and assume that N := sup„gpj || X]r=i('"*l'"*)^l I finite. 

Definition 3.1 ( Perron- Frobenius type operators). Let the notation be as above. 
We introduce a Perron- Frobenius type operator F : A* ^ A* , which is a bounded 
positive map, by the following formula: 

00 

F{uj){a) = ^^co'((Mi|a ■ 'Uj)^), uj G A*, a E A. 

i=l 

For /5 > 0, we set = e'^F. 

The operator F was discussed in [22] in the case where X is finitely generated 
and in in the general case. When r is a finite positive trace on A, it is known 
that F{t) is again a finite positive trace, which does not depend on the choice of 
{ui}'?Zi- Therefore for positive a G A'^ and a finite positive trace r, we have 

n 

F(r)(a) = snp^T{{vi\a ■ Vi)), 

where the supremum is taken over all fo, f 1, ■ ■ ■ , f„ G X satisfying J2i=i ^Vi,vi < I 
(see Theorem 1.1]). 

Theorem 3.2 (Laca- Neshveyev IS^j). Let A and X be as above and let a be the 

gauge action on Ox- Then there is a bijective affine isomorphism between Kf3{a) 
and the set T{A)i3 of tracial states t on A satisfying the following conditions: 

(Kl) Fp{T){a) = T{a), \/a e Ix, 

{K2) F^{r){a) < r(a), Va G A+. 

The correspondence is given by restriction. 

Definition 3.3. Let A and X be as above. Following Exel and Laca ^01, we say 
that a finite positive trace ti on A is of finite type if there exists a finite positive 
trace tq on A such that ri = Yl'^=o ^f} i'^o) in the weak* topology. We denote by 
Tf{A,Fp) the set of finite positive traces on A of finite type. We say that a finite 
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positive trace r2 on A is of infinite type if Fi3{t2) = T2. We denote by Ti{A, Fp) the 
set of finite positive traces on A of infinite type. 

A /3-KMS states ip for the gauge action a on Ox is said to be of finite type (resp. 
infinite type) if the restriction r = ip\A is of finite type (resp. infinite type). We 
denote by Kj3{a)f (resp. Ki3{Q)i) the set of /5-KMS states of finite (resp. infinite) 
type. 

Laca and Neshveyev |23t Proposition 2.4] showed that any tracial state r G T{A)i3 
is uniquely decomposed as 

(3.1) T = n+T2 

with Ti G Ty(y4, F^) and r2 G Ti{A,Fp). Moreover ri is given by 

00 

(3.2) ri = ^F;(ro) 

n=0 

with 

(3.3) To = r - F^(r) 
and T2 is given by 

(3.4) T2 = lira Fg{T), in the weak* topology . 

The above classification of the KMS states a priori depends on the construction of 
Ox from A and X, and we don't know whether there is an intrinsic characterization 
of it in terms of the system {Ox, «)• 

Since the decomposition (3.1) is unique, we have 

(3.5) ex(K^(a)) = e^{Kp{a)f) U e^{Kp{a)i). 

where for a convex set C, we denote by ex(C) the set of extreme points of C. 

(3.3) shows that tq vanishes on Ix thanks to the condition (Kl). Let T{A/Ix) 
be the set of tracial states on A that vanish on Ix-, which may be regarded as 
tracial states on Ajlx- We denote by T{A/Ix)i3 the set of r G T{A/Ix) such that 
Yl'^=o-^f}i'^) converges in the weak*-topology. When P > logA^, we have II-F/3II < 1 
and so T{A/Ix) = T{A/Ix)p. For r G T{A/Ix)p, we set ^r,p to be the /3-KMS 
state corresponding to the tracial state ipT-,i3 '■= ''^t,/3 -^/3 (''") ^ T{A)i3, where 
rrir^p is a normalizing constant. That is, = {Y1'^^qF^{t){1))^^ and 

00 

n=0 

Lemma 3.4. The map T{A/Ix)f3 3 t ^ ipr.p G Kp{a)f is a bijection, which is 
not necessarily affine, but sends ex{T{A/ Ix)i3) = T{A/ Ix)i3 ri ex{T{A/ Ix)) onto 
ex{Kp{a)f). 
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Proof. If a positive functional u is dominated by a positive functional r such that 
Y^'^=oFJ}{t) converges, then ^^o-^/3('^) converges. Hence ex{T{A/ Ix)p) — 
TiA/Ix)fsnex{T{A/Ix)). 

The fact that the above map is bijective follows from the fact that r is uniquely 
given by 

Let r e T{A/Ix)i3 and r',r" G T{A/Ix) satisfy r = cit' + C2t" for some non- 
negative constants Ci and C2 with ci -I-C2 = 1 . Then r' and r" belong to T{A/Ix)i3, 
and we get 

V't,/? = ^ <^r',/3 H <^r",/3- 

mr',f3 mr",p 

Therefore if </?i-_^ is extreme, then so is r. Conversely assume that r e ex(T'(74/7x)/3) 
and that there exist </?', </?" e ^/^(q;)/ such that 

for some non-negative constants ^1,^2 with ^1+^2 = 1- Then there exists r' and 
t" e T{A/Ix)p such that </7^/_/j = (/?' and ipr",0 — 'f"- Put 

m-r'ati nir",i3t2 
ci — and C2 — 



Then 



mr,p mr,p 



mr,p V F^{t) = ip,^p\A = t^ip'\A + t2ip"\A 
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which shows r = Cit' -|- C2t". Since r is extreme, we get r' — t" — t and so 
</?' = </?" = Vt,i3-i which finishes the proof. □ 

Corollary 3.5. If {3 > \ogN, then ex{K0{a)) = Wr,f3}r&^(T{A/ix))- 

Proof. li(3> logN, then < 1 holds, and so Kfs{a)i = 0. □ 

In the rest of this section, we investigate the type of the GNS representation of a 
finite type /9-KMS state on Ox for the gauge action. 

Let (tt,^, H^, fl^) be the GNS representation associated with ip. Since {wij^i is a 
countable basis for X, the sequence (a„)„ := {Y12=i^uk,uk)n is an approximate unit 
for K{X) C Ox- Therefore (7r^(a„))„ converges to a projection p e 7r^{Ox)"- For 
X & X, we have 

00 

P7r^('S'a;) = YT^<p{Sui{ui\x)A) = T^'piSx): m the strong topology . 
1=1 
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Thus for any a G A 

oo 

(1 -p)7r^(a)p = ^(1 - p)7r^{Sau,Sl.) = 0, in the strong topology . 

i=l 

In particular, p commutes with 7r^{A). We denote by cp the weakly continuous 
extension of the state ip to tc^{Ox)" given by 0(T) = (TQ^p\Q^) for T G tt^{Ox)"- 

Lemma 3.6. Let (p be a 13-KMS state for a and let the notation he as above. Then 
the followings are equivalent: 

(1) if is of infinite type. 

(2) 0{p) = 1. 

Proof. Since is a /5-KMS state, for any a & A, 

n=l n=l 

oo oo 

n=l n=l 

= {pTT^{a)^l^\^l^) = 0{pTT^{a)). 

Putting a = /, we get (F/3((y9|A))(l) = <^(p)- Since is a /?-KMS state, the condition 
(K2) in Theorem IH.2I implies Ffj{(f\A) < V^U- Therefore 1 — 0{p) = if and only if 
— (-^/3(</'U))(l) = if and only if ip\A = Ff^^iplA), i.e., (p is of infinite type. □ 

Theorem 3.7. In the above setting, let r G ex{T{A/ Ix)^) and (p := ipr^p be the 
corresponding extreme (3-KMS state of finite type. Let t' be a state on A/Ix defined 
by T'{a + Ix) = T{a). Then n^{Ox)" is of type I (resp. type II) if and only if 
tt'^{A/Ix)" is of type I (resp. type II). In particular, if A is abelian, then (pr,f3 is a 
type I state. 

Proof. Since the /9-KMS state ip is of finite type, 0{p) 7^ 1 by Lemma EIHl Hence 
p ^ I. Let Hq = (/ — p)H^. Since p commutes with vr^(y4), we can define a 
representation p : A ^ B{Hq) by p(a) = (/ — p)TT^p{a)\Ho- -^^^ ^ ^ X®" and 
y G X®™, we have (/ - p)-n^{S^S*y) = 0. Therefore 

(/ - p)n^iOxni - p) = (/ - PKi^ni -p) = ii~ p>M)" = pi^r 

Put fio := , \ (I-p)Q^. Then \\Qo\\ = 1. For a e A, 

1 1 
{p{a)no\no) = ^ _ ^^^^ ((/ - p)7i^{a)n^\n^) = ^ _ ^^^^ (p{{I - p)TX^{a)) 

= TT^(^I^(«) - ^PMA)){a)) = T{a). 

Since p{A)Qo = (/— p)7r^(Cx)fi(p, the vector Qq is cychc for p. Therefore p is unitar- 
ily equivalent to the GNS representation Hr of A for r. Hence {I — p)'Ki^{Ox)" {I — p) 
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is isomorphic to 7ir{A)". Since n^{Ox)" is a factor and 7r^(A)" is isomorphic to 
tTt-'{A/Ix)" , we get the statement. □ 

4. Branched points and Perron-Frobenius type operators 

In this section we give a detailed description of the Perron-Frobenius type op- 
erators F introduced in the previous section for concrete examples. We treat the 
Hilbert bimodules arising from rational functions and self-similar sets in a unified 
setting, that is, a topological relation in the sense of Brenken j2j and a topologi- 
cal quiver with a weighted counting measure in the sense of Muhly-Solel [2Ij and 
Muhly-Tomforde [2H]. 

Firstly we unify the notation of bimodules. Let be a compact metric space and 
^ be a closed subset of x i^. For (x, y) G Q, we set pi{x, y) = x and ^2(2;, y) = y, 
and Qy = piP2^{y). We assume pi{Q) = P2{Q) = K and N := sup^^g^^ #^2 ^(2/) < 
Let A = C{K), X = C{Q). We introduce an A- A bimodule structure into X by 
(a ■ ^ ■ b){x,y) = a{x)^{x,y)b{y). We assume that there exists a positive function e 
on Q such that e{x, y) > I for all (x, y) E G and 

K 3y^ {^\v)A{y) ■■= 

xeGy 

is continuous for all ^, r/ G X. 

Lemma 4.1. For every (xo,?/o) ^ G> every open neighbourhood W of (xo,l/o)j ^^^^^ 
every e > 0, there exist open neighbourhoods U of xq and V of y^ such that U C 
W, P2{{U yiV)ng)=V, and 

\e{xo,yo)- ^ e{x,y)\<e, 'iy e V. 
xt^UnGy 

In particular, e is upper semicontinuous . 

Proof. Let Qyg = {xo,Xi,--- ,Xn}- We choose open neighbourhoods Ua of Xa for 
< a < n and open neighbourhood Vq of yo such that UqxVo G W and H ?7fe = 
for a ^ b. Then there exists an open neighbourhood Vi of yo with Vi C Vq such that 
for all y E Vi, Qy C [ja^Q Ua- Indeed, if there were no such Vi, there would exist 
a sequence {{xn,yn)}'^=i in Q such that {?/„}5^Li converges to yo and Xn ^ Ua for 
all a. An accumulation point of this sequence is of the form {x', yo) G Q such that 
x' ^ Ua for all a, which is a contradiction. Therefore Vi as above exists. Let ^ G X 
such that (^(x, y) = I for (x, y) E Uq x Vi and ,^(x, y) = 0, Vx G Ua=i Then for 
1/ G Vi, we have 

m)Aiy)= Yl ^(^'^)' 

which is continuous and (^|Oa(2/o) = e(xo,?/o) > 1- Note that by assumption Qy 
for each y G Vi, and so f/o fl Qy ^ ^ for ?/ sufficiently close to yo- Replacing [/q and 
Vi with smaller neighborhoods U of xq and \^ of yo respectively, we get the first half 
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of the statement. Since e is a positive function, for all (x, y) E {U x V) H Q we have 
e(xo, Vo) + £ > e(x, y), which means that e is upper semicontinuous. □ 

Since e is an upper semicontinuous function on a compact set Q, e is bounded 
above. Therefore gives an A-valued inner product of X with the correspond- 

ing norm equivalent to the uniform norm of C{Q), and so X is a Hilbert bimodule 
over A. 

Following [inj, for / G C{K) we set f{y) = J2x<^gy fi^)^ which is not necessarily 
continuous. 

Let Mo, Ml, ■ ■ ■ ,Un & X. Then for ^ G X we have 

n n 
a=0 a=0 

n 

x,x'(iQy a=0 

Let 

n 

A{y)x>,x = E Ve(a;',2/)e(a;,2/)ua(a;', y)uaix, y). 

a=Q 

Then 

n 

(4.1) E^--«^^^- 

a=0 

is equivalent to that the matrix {A{y)x',x)x',x is dominated by 1 for any y. In par- 
ticular, (4.1) implies 

n 

A{y)x,x = ^e{x,y)\uaix,y)\'^ < 1, Vx G Gy, 

a=0 

and so 

n n 

(4.2) E("'^l/-"'^)(^) = E E /We(x,y)|Ma(x,y)|2 < f{y) 

a=0 a=0 xe^i/ 

for all positive / G (^(i^'). 

In what follows, we often identify an element in C{K)*_^ with the corresponding 
measure on K. In our setting, the Perron- Frobenius type operator F is a positive 
map F : C{K)* C{K)* given by 

n 

(4.3) F(/x)(/) = supEMKI/-Wa)), fieC{K)l, feCiK)^, 

a=0 

where the supremum is taken over all Uo,Ui, ■ ■ ■ ,Un & X satisfying (4.1). We have 
||F|| = N. 
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Since K is separable, X is countably generated and has a countable basis {fj}^Q. 
We introduce an increasing sequence {ipn}'^=o of positive maps of C{K) by 

n 

¥'n(/) = 5^(t;.|/-t;.)A, feC{K). 

1=0 

Then F is given by the limit 

(4.4) F{M)= lim 

n— »oo 

Theorem 4.2. Lei F he as above. Then 



Proof. First, we show the statement for any Dirac measure n = 6y on y & K . Note 
that the above argument implies 

< / f{y)dM, f e C{K)+, /i G C{K)l. 

JK 

We fix ?/o £ and e > 0. Let ^j^^ = {xq, Xi, ■ ■ ■ , Applying Lemma HHJ we 
choose open neighbourhoods Ua of Xa and V" of ?/o such that f/a fl = for a 7^ 6 
and 



Hxa.yo)- ^ e{x,y)\<e, G V". 

Let Ma G X be a continuous non- negative function such that supp('Ua) dUa^V and 

1 



Ua{Xa,yQ) 



Ve(xa,yo) + 



^/e{xa,yo) +€ 

For y G we define the matrix A{y) = {A{y)x',x)x',xegy as before. We set Ia{y) = 
Ua (iGy for y eV and Aa{y) = {A{y)x',x)x',xeiia)- Then A{y) is a direct sum of the 
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Aa{y) s. Let c G e\I{a)). Then 

n 

{Aa{y)c,c) = ^ ^ a/ e(x', y)e(x, y)ub{x' , y)c{x')ub{x, y)c{x) 

x',xela{y) b=0 
= I ^ \/e{x,y) Ua{x,y)c{x)\'^ 

< X] e(^'2/)|Ma(a;,2/)|^ 

< ||c||2 y <||^||2 

where we use Lemma f4. II Thus Aa{y) < 1 and (4.1) is satisfied. Since 

n n 

^{Ua\f ■Ua)A{yo) = ^ f yo)Mx, yo)\'^ 

a=0 x^QyQ a=0 



we get F{5y,){f) = f{y,). 

The above computation imphes that for every / G C{K)j^ and every y & K, 
{0n(/)(l/)}5^o increasingly converges to /(y). Thus thanks to the bounded (or 
monotone) convergence theorem, we get 



n— >oo 



F(/i)(/)= hm / Mf)iy)dKy)= / fiy)dM, V/xGC(ir);, 



which finishes the proof in the general case. □ 

We denote by -D(e) the set of discontinuous points of e. For example, if R is 
a rational function, Q = graphi? and e{z,R{z)) = e{z) is the branch index, then 
D{e) is the set {{z,R{z)) G graphi?| z G B{R)} and pi{D{e)) = B{R), where 
B{R) is the set of branched points of i?. If 7 = (71, ... , 7iv) is a system of proper 
contractions on K, Q = ufLi{{x, y) G K'^; x = 7i(?/)}, and e{x, y) = #{^|a; = 7j(y)}, 
then -D(e) = {{x,y) G K'^\x = •yjiy) = Ij'iy) for some j 7^ j'} andpi(D(e)) = ;B(7). 

Lemma 4.3. Lei -D(e) 5e i/ie set of discontinuous points of e. 

(1) For every {xo,yo) & G \ D{e), there exist closed neighborhoods F of xq and 
G ofyo, and a continuous map •y : F ^ G such that 

iFxG)ng = {iyiy),y)eK^; yeG}. 

(2) -D(e) is a closed set. 
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Proof. (1) Let < e < 1/2 and take a neighborhood W of (xo,?/o) such that 

\eixo,yo) - e{x,y)\ < e, y{x,y)eW. 

By Lemma 14.11 there exist closed neighborhoods F of Xq and G of ?/o such that 
FxG CW, P2{{F X G) n ^) = G, and 

|e(a;o,?/o)- e(a;, y)| < £, \/yeG. 

Since e(x, > 1 for all (x, ?/) G ^, the set fl F is a singleton for all y E G. Thus 
there exists a function : G F such that 

(FxG)n^ = {(7(y),2/); yGG}. 

Since (F x G) fl ^ is closed, 7 is continuous. 

(2) We choose ^ G X such that supp(^) cFxG, 0<^<1, and ^(x, ?/) = 1 in a 
neighborhood Wi of (xo,i/o)- Then for {x,y) G W^i, we have 

{mA{y)= e(x,i/)|e(x,i/)p = e(7(z/),l/), 

which shows that e is continuous on Wi n ^. Thus -D(e) is a closed set. □ 

The following Proposition shows that the set of singularity corresponds to the 
ideal Ix of A. We can prove it using the preceding lemmas as in J7] and in ^H]. It 
is also shown in a general situation by Muhly and Tomforde Corollary 3.12]. 

Proposition 4.4. In the above situation 

Ix = {fe G{K)- fl^^Die)) = 0} - G,{K \ pip(e))). 



Corollary 4.5. Let the notation he as above. Then 

(1) If (3 > logN, then there is a one-to-one correspondence between ex{K ^{a)) f = 
ex{Kf3{a)) and pi{D{e)) . 

(2) If (3 = \ogN , then there is a one-to-one correspondence between K[^{a)i and 
the set of Borel probability measures fi on K satisfying 

= ^ f{x)dfxix), V/ G GiK). 

In particular, such a measure fi satisfies fi{y G K; ^Qy < N} = 0. 

Proof. (1) follows from Proposition 14.41 and Lemma (3.41 The first statement of (2) 
follows from Theorem 13.21 The case with / = 1 implies the second statement. □ 
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5. CLASSIFICATION OF KMS STATES IN THE CASE OF RATIONAL FUNCTIONS 

Throughout this section we assume that is a rational function of degree at 
least two. We shall completely classify the KMS states for the gauge actions on 
the C*-algebras Or{C) and Or{Jr). We can recover the degree of R, the number 
of branched points, the number of exceptional points and the orbits of exceptional 
points from the information of the structure of the KMS states. 

Recall that for / G C(C) and ?/ G C, we have 

f{y)= E /(^)' 

xeR-^{y) 

which is not necessarily continuous. For a bounded regular Borel measure /i on C, we 
denote by G C(C)* the corresponding positive linear functional (though we often 
identify /i with r^). Then the Perron- Frobenius type operator F : C(C)* — > C(C)* 
with norm = deg R is given by 

Jc 

In particular, for a Dirac measure 6y on y we get 

In our particular situation, the conditions (Kl) and (K2) in Theorem . 21 take the 
following forms: 

(Kl) ^ [ h(z)dfi(z)= [ a(z)dn(z), Va G Co(C \ 

(K2) \ [ d(z)dfi(z) < [ a(z)dfi(z), Va G A+, 

Jc Jc 

where we identify Co{C \ B{R)) with = {/ g A\f\z) = for ;z G B{R)}. 

Lemma 5.1. // a measure /x satisfies the condition (Kl) and (K2), then the point 
mass for G C must satisfy the following: 

{Kiy e-V{i?H}) = MM), w^B{R), 

{K2y e-^ ^i{{R{w)}) < ^i{{w}), w G C. 
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Proof. Let w ^ B{R). Then we can approximate the characteristic function X{w} by 
a monotone decreasing sequence (ari)„ of non-negative functions in Ix- Thus 



^{{w}) = hm / an{z)dfi{z) = hme ^ / > 



a„(x)(i/i(z) 



/ X{w}{x)d^{z) = e-^fx{{R{w)}). 

by the Lebesgue convergence theorem. The other one is similarly obtained. □ 

Let us recall some facts on exceptional points for R. For z and w in C, we define 
z ^rw ii there exists non-negative integers n and m with R"'{z) = R^{w). Then 
is an equivalence relation on C. We denote the equivalence class containing z 
by [z]r. We also define the backward orbit 0~{z) of z by 

0~{z) := {w G <C\R"{w) = z for some non- negative n G Z} 
Then 0-{z) C [z]r. 

Definition 5.2. A point z in C is an exceptional point for R if the backward orbit 
0~{z) of z is finite. We denote by Er the set of exceptional points. 

It is known that Er is a subset of Fr fl B{R) and that z is an exceptional point 
if and only if [z]r is finite. A rational function R of degree at least two has at most 
two exceptional points by the Riemann-Hurwitz formula. The reader is referred to 
m section 4.1] for basic properties of exceptional points, including the following: 

Lemma 5.3. Let R be a rational function of degree at least two. Then either of the 
following holds: 

(1) Er = 0. 

(2) Er consists of one point zq and {zq} = [zo]r. After a suitable conjugation by 
a Mobius transformation, we may assume that zo = oo and R is a polynomial. 

(3) Er consists of two points zq ^ zi and [zo]r = {zq} and [zi]r = {zi}. After 
a suitable conjugation by a Mobius transformation, we may assume zq = 0, 
Zi = oo, and R{z) = z'^ for some positive integer d. 

(4) Er consists of two points zq ^ zi and [zq\r = [zi]r = {2:0, 2:1}. After a 
suitable conjugation by a Mobius transformation, we may assume zq = 0, 
Zi = 00, and R{z) = z'^ for some negative integer d. 

The following proposition is crucial for the complete classification of the KMS 
states. 

Proposition 5.4. Assume that a measure n satisfies the condition (Kl) and (K2). 
If n has a point mass at z for some z ^ Er, then (3 > log A^. 

Proof. Thanks to Lemma (5.11 we have fi{w} > for any w G 0~{z). To prove the 
statement, it suffices to show that there exists w G 0~{z) satisfying the following 

15 



two conditions: (1) 0-{w) n C{R) = 0, (2) R-'^{w) n = for all distinct 

non-negative integers m,n. Indeed, Lemma (5. II with such w implies , 

°° N 

n=0 

Assume that (1) does not holds for any w G 0~{z). Then since C{R) is a finite set, 
there exists two positive integers m < n such that R~"^{z) fl R~^{z) is not empty, 
and so 2; = (z). Let p be the minimal positive integer such that R^{z) = z 

and set L = For any w & O {z), the same argument as above shows 

that there exists a positive integer q such that w = R'^{w). Thus for a sufficiently 
large integer fc, we get w = R'i^iw) e L. Since O" "(z) is an infinite set, this is a 
contradiction. Therefore (1) holds for some Zi G 0^{z). 

Assuming that (2) does not hold for any w G 0^(2:1), we get a contradiction in 
the same way, and so there exists w G 0~{zi) satisfying (1) and (2). □ 

We recall basic properties of the Lyubich measure now. 

Definition 5.5 (Lyubich measure ^1], Let = degi? and 6^ be the Dirac 

measure on x for x G C. For any y G C \ -E/j and each n G N, we define a probability 
measure /x^ on the Riemann sphere C by 

f^l= Yl N-^<x)eiR{x)) . . . e{R^-\x))S, . 

x&R-"{y) 

The sequence converges weakly to a measure /z^, which is called the Lyubich 

measure. The measure /i^ is independent of the choice of ?/ G C \ Eji. 

The measure has been studied by several authors, e.g. Freire-Lopes-Mane 
[TT] and Lyubich [21]. The support of fi^ is the Julia set and /i^ is an invari- 
ant measure in the sense that /i^(-E') = fj,^{R~^{E)) for any Borel set E. Hence 
/ f{R{x))dii^{x) = f f{x)dn^{x). Moreover ^^{R{E)) = Nfi{E) for any Borel 
set E on which R is injective. The measure //^ is the unique measure of maximal 
entropy. 

We introduce an operator G : C(C) C(C) by setting 

G{f){w)= J2 ^(^)/(^) 

and the contraction G = N~^G. The conjugate opeator G* is slightly different from 
F. But, if /i has no point mass on C{R), then G* satisfies G*r^ = -Fr^. 

Proposition 5.6 (Lyubich [23)- ■ ^or any a G C(C) and compact subset K G C 
with K n Er = 0, we have 

lim ||G^a — / a{z)d^^{z)\\x = 0, 

m^oo 

where \\ \\k is the uniform norm on K . 
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We use the symbol for t^l for simplicity. 

Proposition 5.7. Let fx be a bounded regular Borel measure on C. Suppose that fx 
satisfies one of the following conditions: 

(1) n satisfies the condition (Kl) and (K2) and /i has no point mass on B{R). 

(2) /i satisfies the condition (Kl) and /i has no point mass on B{R) U C{R). 

Then we have the following: If j3 ^ ^ogN, then /x = 0. If [3 = \ogN , then fi 
coincides with the Lyubich measure up to constant. 

Proof. Suppose that fi is non-zero. We may and do assume that /i is a probability 
measure. First we consider the case (1). Since e~^/i({i?(w)}) < fi{{w}) for w G C 
by Lemma l5.H fi has no point mass on C{R). Therefore (Kl) holds for all a G A 
and we may consider the case (2). For a = 1 , we have a{x) = N a.e. x with respect 
to IJ, and (3 = log N. For any a G A, we have 

r^(a) = F^(r^)(a) = r^(G(a)). 

Note that ^{Er) = holds as Er C B{R). For any e > 0, we can choose a compact 
subset K C C satisfying KnEfj = and //(ii''^) ||a|| < £ by the regularity of /i. Thus 

|r^(a)-r^(a)| = |r^(G'"(a))-r^(a)| 

= I / G"{a)dfx+ [ G"{a)dfx-{T^{a)ii{K) + T^{a)fx{K'))\ 
Jk Jk'= 

< \[ {G^{a)-T^{a))dfi\ + \ [ G^{a)dfx\ + T^{a)fxiK^) <3e. 

for sufficiently large m thanks to Proposition 15.61 which shows fi = fi^. □ 

Proposition 5.8. The Lyubich measure fi^ is extended to an infinite type logN- 
KMS state ip^ on (9^(C) for the gauge action. 

Proof. Since the Lyubich measure has no point mass, it satisfies F{t^) = G*{t^). 
On the other hand, for any x G C we have 

which implies G*{t^) = Nr^. Thus by Corollarv 14. 5[ the Lyubich measure fi^ 
corresponds to a logA^-KMS state ip^. □ 

Now we are ready to state our classification results. Since we already know the 
result for (3 > logN thanks to Corollarv 14.51 we assume < /3 < logiV. Proposi- 
tion EIU implies that every finite type (3-KMS state, if it exists, arises from a point 
in Er. Let /i be a probability measure corresponding to an extreme infinite type 
/9-KMS state p, which satisfies Ff^[ii) = /i. Let fi = fia + fJ'd the decomposition 
of fi into the atomic part fia and the diffuse part fid- Then a similar argument as in 
the proof of Lemma IKTTl shows that Fp^fia) is atomic and Fp{fi,d) is diffuse again, and 
so we get Fi3[fia) = fia and Fp{fid) = f^d- Therefore either /Xq = or /x^ = holds. 
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If /Id — 0, Proposition 15.41 and Lemma imply that /i would be supported by Eji. 
Since R~^{x) is a singleton for x G Eji, this does not occur. Therefore /i^ = and 
Proposition 15.71 implies that /? = log N and /i is the Lyubich measure. 

The above observation with an easy case- by-case analysis using Lemma [5.31 shows 
the following theorems: 

Theorem 5.9. For (3 > 0, there exists an infinite type j3-KMS state for the gauge 
action a on Or{C) if and only if (3 = \ogN. The set KiogN{,Ci)i is a singleton 
consisting of (pi given by the Lyubich measure. 

Theorem 5.10. For the finite type (3-KMS states for the gauge action a on (9/j(C), 
the following holds: 

(1) For (3 > logN, the set ex{K^{a)f) of the extreme finite type (3-KMS states 
ip is parameterized by the branched points B{R). For w G B{R), the corre- 
sponding extreme [3-KMS state ip^^y^ is determined by its restriction ipp^u]\c{t)' 
i.e., the regular Borel measure fip^w on C given by 

where rriua is the normalized constant. 

(2) For < (3 < logN, the set ex(i^^(a)j) of the extreme finite type j3-KMS 
states coincides with {^i3^w}w<^Eii- 

Furthermore the set of all extreme /3-KMS states, which depends only on the 
system ((9/j(C),a), is obtained just as ey.{Kp{a)) = ex(ii'^(a;)/) U ex(i^'^(a;)j). 

Remark 5.11. Corollarv 14.51 shows that the GNS representation of every extreme 
finite type KMS state with /3 > is a type I factor representation. In Section 7, we 
show that the GNS representation of (p^ is a factor representation of type IIIi/at. 

Remark 5.12. Theorem 13.21 still holds for /3 = if we define a 0-KMS state to be an 
a-invariant tracial state. Such a state exists if and only if is not empty and we 
have the following: 

(1) When Efi consists of one point w, then there exists a unique a-invariant 
trace state (pw The restriction of (pw to C(C) is given by the Dirac measure 

(2) When Eji consists of two points Wi and W2 with R{wi) = wi and R{w2) = W2, 
the set of a-invariant trace states has exactly two extreme points {'Pwi}i=i,2- 
The restriction of y?^. to C(C) is given by 5^. for i = 1,2. 

(3) When Er consists of two points wi and W2 with R{wi) = W2 and R{w2) = W2, 
then there exists a unique a-invariant trace ip. The restriction of ip to C(C) 
is given by 
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Note that the GNS representations of these states are not factor representations. It 
is routine work to show that they give finite type I von Neumann algebras. 



Example 5.13. Let R{z) = with > 2. Then Er = {0, 00} = B{R) with 
-R(O) = and R{oo) = 00. For every (3 > and w = 0,oo, we have = 5^. 

Example 5.14. Let R{z) = z'^ with > 2. Then we have Er = B{R) = {0, 00} 
with -R(O) = 00 and R{oo) = 0. For every (3 > we have 

_ , I , 



Example 5.15. Let R{z) = z^ + 1 with > 2. Then Er = {00} and B{R) = 
{0, 00}. For any P >0 the Dirac measure 6^0 extends to a /3-KMS state f/s^oo- The 
measure 

/^Ao = (1 - ^) Yl ^-)' 

corresponds to a /3-KMS state (pp^o for /? > logA^. For < /3 < logA^, the set of 
P-KMS states consists of one point ip/3^oo- For /? = logA^, the set of extreme /3-KMS 
states consists of two points ip^ and v5/3,oo- For log < P, the set of extreme /3-KMS 
states consists of two points v^/j^oo and (ppfl. 

Finally we consider the C*-algebras Or = Or{Jr) associated with a rational 
function R on the Julia set Jr, which is purely infinite and simple [17j. 

Theorem 5.16. For the gauge action a on the C*-algebras Or{Jr), the following 
hold: 

(1) For < P <\ogN, there exist no P-KMS states. 

(2) For P = logN, there exists a unique P-KMS state p)^ and its restriction 
'P^\c{Jr) is the Lyubich measure. The GNS representation of (f^ is a factor 
representation of type IIIi/j\f. 

(3) For log A^ < P, the set ex(i^^(a)) of extreme P-KMS states is parameterized 
by the branched points B{R) fl Jr. For w G B{R) fl Jr, the corresponding 
extreme P-KMS state ipp^ui is determined by its restriction ^i3^w\c{Jr), which 
is given by the same formula as in Theorem \5.1l\ The GNS representation 
of ^Pi3,w is a factor representation of type I . 

Proof. The proof follows from a similar argument as in the case of Or{C) with the 
fact that the Julia set Jr contains no exceptional point by jl]. □ 
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6. CLASSIFICATION OF KMS STATES IN THE CASE OF SELF-SIMILAR SETS 

Let {K,d) be a compact metric space and let 7 = (71,72, ■ ■ ■ ,7Ar) be a system 
of proper contractions satisfying K = IJili7«(-^)- ^^is section, we consider the 
structure of the KMS states for the gauge action on Ox = 0^{K). Recall A = C{K) 
and Ix = {f e C{K)- = 0} = Co{K\B{-f)) in this case. The set B{-f) is finite 
if and only if C{'~f) is finite. 

For y G K, we set 7(?/) = {jfLiiliiv)} ■ The Borel function d for a E A is 

^ 1 

(6.1) d{y)= J2 ^(^) = SZ pr^ (y) ,A ^^(y))- 

Note that if C{'~f) is not empty, d is not necessarily continuous. Theorem 14. 21 shows 

^ 1 

(6.2) F,i6y) = e-^ Y: MvVv)^'^''' = ^ 

^^^e[-fj[y),y) ^^^^^^ 

If a probability measure on K satisfies (K2), we have /x > Fp^jj) > n{{x})Fj3{5x) 
and so, the following holds: 

(6.3) > e-^^^i{x}). 

Lemma 6.1. Let fi be a probability regular Borel measure on K satisfying (Kl) and 
(K2). Iffi{C{j)) = 0, then logN < (3. 

Proof. Suppose /i(C(7)) = 0. Then 
^ 1 

= -r~r~\ — -M'^iiy)) = a.e. y with respect to /x. 
e(7j(?/),?/) 

(K2) implies that 

N _ 1 

Hence log N < [3. □ 
For X E K and n > 0, we set the n-th orbit of x by 

On{x) = {7n ■■ -7*2 ■■ ■7i„(a;) e K; 1 < 11,12,- ■■ ,in < N} 

and set 0{x) = U^o^" (-'')• Note that if a measure /i satisfying (K2) has a point 
mass at x, it has a point mass at y for all y E 0{x) thanks to ()6.3j) . 

Lemma 6.2. Let < (3 < logN and let ^ be a probability regular Borel measure on 
K satisfying (Kl) and (K2). Assume either < /5 < logA^ or /i is of finite type. 
Let y E K . If there exists x E 0{y) such that 0{x) fl C(7) = 0, then fi has no point 
mass at y. 
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l{z)dfi(z) < / ldfi{z) 

K J K 



Proof. First we assume < (3 < logN. If /i had a point mass at y, then /i would 
have a point mass at x as well and we would have /i > ^{{x})F^{6x). However, by 
assumption we get 

1 > f,{{x})F^{6.){K) = fi{{x}){Ne~^r ^ oo, (n ^ oo), 

which is a contradiction. 

Now we assume (3 = logA^ and the corresponding KMS state is of finite type. 
Then there is a measure z/ supported by i3(7) such that 

oo 
ra=0 

Suppose that /i has a point mass at y. Then there would exist n and c > such 
that > c5^, and so F^+"'(z/) > cF]^{8^). As we have = 1, 

oo oo 
k=0 k=n 

We get a contradiction. □ 

To describe infinite type KMS states, we recall the notion of the Hutchinson 
measure for a self-similar set (see [2] for details). 

Definition 6.3. Let G : C{K) :— G{K) be the unital positive map defined by 

- 1 ^ 

i=l 

The Hutchinson measure is a unique G'*-invariant probability measure. 

Lemma 6.4. Unless K consists of one point, the Hutchinson measure has no 
point mass. 

Proof. Let = fJ'a + fJ-d be the decomposition of /i^ into the atomic part fia and 
the diffuse part /i^. Then it is easy to show that G (fia) is atomic and G (fid) is 
diffuse. Thus either = or /^^ = holds thanks to the uniqueness of a G-invariant 
measure. 

Suppose fid = 0. We set m = max{yu{a;}; x G K} and L = {x E K; fi{x} = m}, 
which is a finite set. Since 

-* 1 ^ 

1=1 
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and G*{fi^) = fi^ , we have 



_ 1 ^ 

m(#L) = /i^(L) = G*(^^)(L) = -^5^/.{yK(,)(L) 

i=l yeK 



i=l x£L,y£K 

This shows that jiiL) = L for all i and L = K. Since 7^ is a proper contraction and 
L is a finite set, we conclude that K consists of one point. □ 

Note that when a measure /i satisfies /x(C(7)) = 0, we have F{n) = NG{^). Thus 
when the Hutchinson measure n satisfies /i^(C(7)) = 0, it gives rise to an infinite 
type log A^-KMS state, which we denote by (f^. Thanks to Lemma lUTil the condition 
{€{'-/)) = holds whenever C(7) is a countable set. Conversely, we have 

Lemma 6.5. Let ip he a [3-KMS state of infinite type for [3 = logiV and let /i be the 
corresponding measure on K. Then ^ = and /i^(C(7)) = 0. 

Proof. Fp{ii) = /i implies 

which shows /i(C(7)) = 0. Thus /i = Fp^jj) = G{fi) and so /i = /i^. □ 

Theorem 6.6. Let 7 = (71,72,- ■■ , 7Ar) be a system of proper contractions on a 
compact metric space K such that K = IJi=i7«(-^)- Suppose either that Bi^j) is 
empty or that i3(7) is a finite set and for every y G (^(7), there exists x G 0{y) 
such that 0{x) fl (^(7) = 0. For the gauge action a on the C* -algebras 0^{K), the 
following hold: 

(1) For < /? < logiV, there exist no /3-KMS states. 

(2) For P = log A^, then there exists a unique 13-KMS state ip^ and its restriction 
ip^lciK) is the Hutchinson measure . 

(3) For log < P, the set ex(i^^(a)) of extreme [3-KMS states p is parameter- 
ized by the branched points -6(7). 

Proof. For Q < (3 < logA^, Lemma Ffj. II and Lemma [6.21 show that there is no /3-KMS 
state. Assume that is a measure corresponding to a finite type /5-KMS state for 
13 = logA^. Then Lemma IFT^ implies /i(C(7)) = and so fJ>{K) = Fp{ii){K) would 
hold. However, this means that /i is of infinite type, which is a contradiction. The 
rest follows from Lemma 16.51 and Corollary 14.51 □ 
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Remark 6.7. In Section 7, we show that the GNS representation of is a factor 
representation of type IIIi/n. 

Example 6.8 (Inverse branches of the tent map). Let K = [0, 1], 7i(?/) = ^y, and 
72(2/) = 1 - Then B{j) = {i} and C{^) = {1}. Since 0(1/2) n C{-f) = 0, 
the assumption of Theorem 16.61 is satisfied. The Hutchinson measure fi^ is the 
normalized Lebesgue measure on [0, 1]. Hence for < (3 < log 2, there exist no /3- 
KMS states. For P = log 2, there exists a unique /?-KMS state ip^ and its restriction 
V^^|c([o,i]) is the normalized Lebesgue measure. For log 2 < P, there exists a unique 
/3-KMS state and its restriction ip\c{io,i]) is 

2 °° 1 

/i/3,1/2 = (1 - 5Z ^ 5Z ^7.V-7.n(l/2)- 

«=o (ji,- Jn)e{l,2}" 

Example 6.9. Let K = [0, 1], 7i(?/) = |?/, and 72(1/) = |(y + 1). Then 8{-f) = 
and C(7) = and The Hutchinson measure /i^ is the normalized Lebesgue measure 
on [0, 1]. The C*-algebra 0^{K) with a is isomorphic to the Cuntz algebra O2 with 
the usual gauge action. Thus a /?-KMS state on 0^{K) exists if and only if A = log 2 
and its restriction to C([0, 1]) is the normalized Lebesgue measure. 

Example 6.10 (Sierpinski Gasket). Let f2 be a regular triangle in with three 
vertices Ci = (1/2, -\/3/2), C2 = (0,0) and C3 = (1,0). The middle point of C1C2 is 
denote by bi, the middle point of C1C3 is denoted by 62 and the middle point of C2C3 
is denoted by 63. We define proper contractions 7^ for i = 1, 2, 3 by 

7i(a:,y)= 1^- + -,- + — j, 72(x,y) = (-,-j, 73(x,l/)=^- + -,- 

Then the self-similar set K associated with 7 is the Sierpinski gasket. It is known 
that K is homeomorphic to the Julia set of the rational function 



R{z) 



x3 _ 16 
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However, these three contractions can not be identified with the inverse branches of 
R because 71(02) = 72(01). Let 71 = 71, 72 = o 72, and 73 = o 73, where pe 
is a rotation by the angle 9. The self-similar set for 7 = (71, 72, 73) is K as well and 
they are inverse branches of a map h : K ^ K, which is conjugate to R : Jr Jr. 
Therefore Or{Jji) is isomorphic to Oy{K), which is known to be a purely infinite 
and simple C*-algebra. The C*-algebras 0^{K) and 0;y{K) have non-isomorphic 
ii"-groups and hence they are not isomorphic (See [T7j for details). 

Since i3(7) = and C(7) = 0, there exists a /3-KMS state for the gauge automor- 
phism for 0^{K) if and only if A = log 3. 

For 7, we have -6(7) = {6i,62,&3}, ^(7) = {01,02,03}, and the assumption of 
Theorem 16.61 is satisfied. Thus for < /3 < log 3, there exist no /5-KMS states. For 
/? = log 3, there exists a unique /9-KMS state whose restriction to C{K) is given by 
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the Hutchinson measure /i^. For log 3 < /3, the set ex{Kp{a)) of extreme /5-KMS 
states is parameterized by the branched points i3(7) = {&i,62,&3}- For bi G i3(7), 
the corresponding extreme /3-KMS state is given by the measure 

3 °° 1 

f^fSA = (1 - ^) 5Z Yl hi-^M- 

"=0 (ji,- j„)e{l,2,3}" 

7. Type III representations by Lyubich and Hutchinson measures 

In this section, we show that the KMS states arising from the Lyubich measures 
and the Hutchinson measures give type HIi/at representations. Our proof is based 
on the facts that the Cuntz algebra On arises from the Bernoulli A^-shift and that 
the unique KMS state of the gauge action of On gives a type HIi/at representation. 

Let be an integer greater than 1 and Kn = {1, 2, ■ ■ • , N}^ . We denote by pn 
the Bernoulli measure with weight (;^, . . . , j^), i.e. the infinite product measure of 
the uniform measure of {1, 2, ■ ■ ■ , A^}. Let a be the Bernoulli shift 

cr(xi,X2, ■ • ■) = (a^2,a;3, ■ ■ ■)• 
For j = 1, 2, ■ ■ ■ , A^, we set pj to be the inverse branches of a, that is, 

Pj(a;i,X2, ■ ■ ■) = (j,a;i,a;2,- ■■)• 

Note that vn is nothing but the Hutchinson measure of p = {pi, p2, Pn)- 
Let Y be the C{Kn) — C{Kn) bimodule giving Op{Kn)- Since 

N 

\J{{pi{y)^y) ^Kl- xe Kn} = {ix,a{x)) E Kj^; x E Kn}, 
j=i 

in what follows, we identify Y with C{Kn) whose Hilbert C*-bimodule structure is 
given by 

(a ■ / ■ b){x) = a{x)f{x)b{a{x)) 

N 

U\9)c{KM)i.y) = YfipAy))9{pj{y))- 

i=i 

We use the symbol 1e for the characteristic function of a subset E C Kn- For 
^ = (^1; ^2, • ■ ■ ; ^n) ^ {1; 2, ■ ■ ■ , A^}", wc dcuotc by the cylinder set 

E^ = {x E Kn; Xk = C.k, 1 < A; < n}. 

It is known that the C*-algebra Op{Kn) is isomorphic to the Cuntz algebra On- In- 
deed, Op{Kn) is generated by 5*1^^ , 5*1^^ , ■ • ■ , ^Iej^ ' which satisfy the Cuntz algebra 
relation (see |18| Proposition 4.1] and |32[ Section 4]). Note that the isomorphism 
On 9 Sj 1-^ Sij^^ E Op{Kn) intertwines the gauge actions, and in consequence, the 
KMS states. We give a iy*-version of this argument first. 
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7.1. The case of Hutchinson measures. Let 7 = (71, 72, '" ^In) be an N- 
tuple of proper contractions of a compact metric space K satisfying the self-similar 
condition K — IJjLi7j(-^)- We assume that the Hutchinson measure /i^ satisfies 
I^H{C{'y)) — and denote by (p^ the corresponding KMS state of the gauge action 
a on 0^{K) as before. 

For ^ = (^1, ^2, • ■ ■ ) Cn) G {1, 2, • • • , iV}", we use the notations 

Since all the maps 71, 72, • ' ' ylN arc proper contractions, there exists an surjective 
continuous map q : K such that 

00 

{q{x)} = Pi 7^1 ■7^2---7a;„(i^) 

n=0 

We have q o — o q ior i — 1, . . . , N . Since 

TV TV 

^ lj^Q*i^N = ^ Q*Pj*^N = Nq^UN, 

j=i i=i 

the uniqueness of the Hutchinson measure fi^ implies fin = q*i^N- 
Lemma 7.1. For all f,g& L'^{K, /i^), the following holds: 

(/|c/)^ = lim J2 (/-Td 1)^(115-7?)/., 

n— >oo iV ' 

^£{1,2,-, AT}" 

where {-l-)^ is the inner product of L^{K, /i). 

Proof. Since q* : L'^{K,ij,h) 3 f ^ f ■ q & LF'{Kn,vn) is an isometry satisfying 

p*q* = q*'yj, it suffices to show the statement for {Kn, P,i^n) instead of (7^, 7,/i). 

Let J-'n be the cr-field generated by the first n coordinate functions of Kjv, and 
E[f\J^n) be the conditional expectation of / given Tn- Then for / G L^(Kjv,^'jv) 
and ^ G {1, 2, ■ ■ ■ , A^}", we have 

E{f\Tnm^ I f-pd^)dMx). 

Thus for /, 5f e L'^{Kn, i^n), we get 

^ J2 if- Pi\i).M\9 ■ 7^).. = 

Ce{l,2,-- ,Ar}" 

which tends to {f\g)uN as n goes to infinity. □ 

Let A = C{K) and X be the A — A bimodulc giving Oj{K). We denote by 
{7T,H,n) the GNS triple for v?^. We set M = n{0^{K))". Let be the normal 
extension of ip^ to M given by (p^{m) = {mfl\Q) for m G M. Since (p^ is a KMS 
state, 0^ is faithful on M. 
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Let be the trace on A = C{K^) given by fi^ and let (ttq, Hq, Qq) be the GNS 
triple for . We can identify iJo with L'^{K,^^) and 7ro(a) with the multiplication 
operator by a G A. Thus ttq extends to a normal representation of L°°{K, n^). 
On the other hand, since is the restriction of (f^ to A, the Hilbert space i^o 
is naturally identified with the closure of 7r{A)Q and the restriction ttIa of tt to 
A is quasi-equivalent to ttq fSl Lemma 4.1]. Therefore vrl^ extends to a normal 
representation of B := L°°{K, n^), which is denoted by if. 

For a measurable function / on K, we denote by ||/||p the L^-norm of / in 

For m G M, we set ||7Ti||2 = ||mr2L||. It is well-known that the strong operator 
topology on the unit ball of M coincides with the topology given by || ■ II2, and 
is complete with respect to || ■ II2. 

Let {/iri},^i be an increasing sequence of non- negative functions in A such that 
hnix) = for a; G C(7) and {/in(y)}.^i converges to 1 for all y G K\C{'-y). For 1 < 
j < N, we introduce Uj^n ^ by setting Uj^n{lj{x),x) = /i„(x) and Uj^n{lk{x),x) = 
for k j. 

Lemma 7.2. Let the notation be as above. Then the sequence {TriSu^ „)}'^=i con- 
verges to an isometry, say Sj, in the * strong operator topology. The isometries 
{Sj}jLi satisfy the Cuntz algebra relation. For the modular automorphism group 
{af}t&t, the following holds: af (Sj) = e-*'"^^^^^^-, Vt G M. 
Proof. By straightforward computation, we have H^m^ ^JI < 1 and 

— 'S'm^,„)||2 = ll^m ~ hn\\l, 

Since we assume that /i(C(7)) = 0, these imply that {t!'{Suj and {tt{Suj ,J*}'^=i 

are Cauchy sequences with respect to || ■ II2, and so {Tf{Su converges in the 

* strong operator topology. As we have S*.^Su,.„ = (^j^Trd/inP) which converges 
to in the strong operator topology, the operators {Sj}^]^ are isometries with 
mutual orthogonal ranges. Since erf is a normal extension of a-tiogN, we have 
"^f i^j) = e^^^°^'^"^Sj, which implies 

N N ^ 

i=i i=i 

Since ip^ is faithful, this implies SjS* = 1. □ 

Theorem 7.3. Let the notation be as above. Then M is the AFD type IIIi/n factor. 

Proof. Thanks to the above lemma, it suffices to show that M is generated by 
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Since aSuj„ = Su^^a ■ 7^ holds for all a E A, we get n{a)Sj = Sjn{a ■ 7^). For 
/ e X, we define fj G A by fj{x) = f{jj{x),x). Since /i(C(7)) = 0, we have 
S*7i{Sf) = nifj), and so 



N 



j=i 

Therefore the linear span of the elements of the form S'^7r(a)S'^ with a G C{K), 
Ti G Jl, 2, -J ■ , iV}"^, and C e {1, 2, ■ ■ ■ , A^}" is a dense *-algebra of M, where S^, = 
Sr]i'^V2 ' ' ' '^vm- We understand Sr^fS^ = f for r] = ( = ^. This observation shows 

that to finishes the proof, it suffices to prove tt{A) C {5*^}^]^ . 
For a G A, we set 

r,e{l,2,-,Ar}" ■ne{l,2,- ,N}" 

Then {a„}^^ is a bounded sequence in {S'j}^^ . We show that {a„}^]^ converges 
to 7r(a) in the strong operator topology. Indeed, we have 

||7r(a) - a„||2 = (^^(7r(|a|^) - 7r(a*)a„ - a*7r(a) + |a„|^) 



|2 



AT" 

r)e{l,2,--- ,N}'-' 



vn I 



Lemma 17.21 shows that the right-hand side tends to as n goes to infinity. Thus 

7r(A) C {~S,}^J. □ 

7.2. The case of Lyubich measures. Let i? be a rational function with = 
degi? > 2, A = C({C), andX = C(graphi?) be as before. Since C 3 {z,R{z)) G 
graph is a homeomorphism, we identify X with C(C), whose A — A bimodule 
structure is given by 

{a-f-b){z)=a{z)f{z)b{R{z)), 

if\9)Aiz)= Y eH7H^?H- 

The following theorem relies on Heicklen-Hoffman's remarkable result ^H] saying 
that {<C,R,fi^) is conjugate to (T^'at, a, z/jv) as measurable dynamical systems. 

Theorem 7.4. Let R be a rational function with N = degR > 2. Let fi^ be the 
Lyubich measure and ip^ be the corresponding log N-KMS state on Ofi{<C) for the 
gauge action. Then the GNS representation of ip^ is a factor representation of type 

Ilh/N- 

Proof Let (tt, i/, fi) be the GNS triple for ip^. We set M = Tr{OR{C))". Let 0^ 
be the normal extension of ip^ to M. We denote by tt the normal extension of the 
restriction 7i\a to B := L°°{C,fi^). For m G M, we set ||m||2 = ||mf2i||. We denote 
by II ■ Hp the L^-norm of LP{C,fi^) = LP{jR,fi^). 
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For f E X, the condition fj,^{C{R)) = implies 

ll/lloo < \MSf)\\ = \M{f\f)AW/' < V^ll/lloo, 

\MSf)\\l= f e{w)\f{w)\'df^'^{z) = f J2 \f{z)W{z) = N\\f\\l 

The KMS condition imphes ||7r(^;)||2 = H/Ha/ViV. 

For / G L°°(C, /i-^), we choose a sequence {fn}'^=i in C(C) satisfying the follow- 
ing three conditions: (1) {| |/„| |oo}^=i is dominated by ||/||oo, (2) {||/„ - f\\2}n=i 
converges to 0, and (3) {/n(^)}^i converges to f{z) for almost every z with respect 
to fi^. Then {T!'L{Sf,J}'^^i converges in the * strong operator topology, whose limit 
is denoted by Sf. Note that 5"/ does not depends on the choice of the sequence 
{/nj^i- Let g G L°°(C,/i^) and {gn}'^=i be a sequence in C(C) satisfying the same 
properties as above for g instead of /. Then 

S*rSg = lim 7lLi{fn\gn)A), 
■' ra— >oo 

where the limit is taken in the * strong operator topology. For f,g & B, we define 
{f\g)B G -B by the same formula as the A- valued inner product of X. Then we get 

(7.1) S}Sg = m\9)B), /,(7GL-(C,^^). 
In a similar way, we have 

(7.2) 7r(a)^^7r(6) = S^fb-R, f,a,be L°°(C, /i^). 
Since af is a normal extension of a^tiogN, we have 

(7.3) (xf (7r(a)) =7r(a), a G L°°(C, /i^). 



(7.4) crfiSf)=e^''°^''^'Sf, /GL-(C,/). 

Thanks to Heicklen and Hoffman [13 , there exists a von Neumann algebra iso- 
morphism (f) : L°^{Kn, i^n) L°°iC,fi^) satisfying 0(/) ■ R = (f){f ■ a) for all 
/ G L'^{Km,vn)- We claim that there exists a representation {tt,H) of Op{Kn) 
satisfying 

7f(a) = 7r(0(a)), a G C{Kn). 

Thanks to ()7.H] and ()7.2j) . such a representation would exist for the Cuntz-Toeplitz 
algebra 7y. Since Y has a finite basis {l^j ljli, to prove the claim it suffices to show 

j = l 
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Indeed, thanks to the KMS condition we have 



N N 

i=i i=i 

Since (p^ is faithful, we get the claim. 

It is routine work to show that Ti{Op{KN))" = M, and so {7c,H,Q) is a cyclic 
representation. ()7.3|) and ()7.4|) imply that (vr, H, fl) is unitarily equivalent to the 
GNS representation of the unique logA^-KMS state of the gauge action on Op{Kj^). 
Thus Theorem 17.31 shows that M is the AFD type IIIi/at factor. □ 

8. Symmetry 

Since our construction of the Cuntz-Pimsner algebra from a dynamical system is 
natural, a symmetry of the dynamical system gives rise to an automorphism of the 
algebra. In this section, we give a criterion for outerness of such automorphisms. 
Quasi-free automorphisms on the Cuntz-Pimsner algebras for bimodules with finite 
bases are studied by Katayama-Takehana .20^ and Zacharias [31] while the bimodules 
we treat in this paper do not necessarily have finite bases. 

Let M be the AFD type IIIi/at factor acting on a Hilbert space. Since M arises 
from the GNS representation of the unique KMS state of the gauge action on the 
Cuntz algebra Oat, we may find a generating set {Sj}^^^ of M consisting of isometrics 
satisfying the following conditions: (1) they satisfy the Cuntz algebra relation and 
(2) there exists a cyclic and separating vector Q ^ H for M such that if we denote the 
vector state for by then af{Sj) = N~''^^^Sj holds for t G M and j = 1, 2, ■ ■ ■ , A^. 
The canonical shift endomorphism $ of M is defined by 

N 

Let B be the maximal abehan subalgebra of M generated by IJ^i{'5'?'S'|}5g{i^2,--- ,n}"- 

Lemma 8.1. Let the notation be as above. Assume that 9 is an automorphism of 
M commuting with the modular automorphism group {erf jtgK such that 9{B) = B 
and $ ■ 9{x) = 9 ■ for all x & B. If there exists b E B satisfying 9{b) ^ b, then 
9 is outer. 

Proof. We first fix the notation. Let JF„ = $"(M)' fl M, which is isomorphic to 
Mjv"(C). The centrahze is a type IIi factor generated by IJ^i -^n ^^"^ 
satisfies M fl = C is a maximal abelian subalgebra of as well. 

Suppose that there exists a unitary u E M satisfying 9{x) = uxu* for all x G M. 
We claim u G M^. For n G Z, we set 

Un = ^ f N'-^'at{x)dt, 
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where T = 27r/logiV. Then u^x = 9{x)um holds for all x G M^, which shows 
u'^UmyUmU^ G M fl M'^ = C Thus Um IS a multiple of a unitary. If Um ^ for 
some m 7^ 0, the KMS condition would imply ip{u^Um) 7^ ip{umU^), which is a 
contradiction. Thus we get u = uq E M^. 

Let be the trace preserving conditional expectation from M,^ onto Then 
— En{u)\\2}'^=i converges to 0. For every b E B, we have 

||6-^^(6)||2 = ||$"(6)-$"(^(6))||2 = ||$"(&)-^^($"(6))||2 

= ||<l>"(6)n - u^^m2 = ||$"(&)(« - EM) - - KH)$"(&)||2 
< 2||m-E„(m)||2||6||, 

which shows b = 6{b). This is a contradiction and 6 is outer. □ 

Let i? be a rational function with degi? > 2 and let 6' be a homeomorphism 
of C commuting with R. Then by naturality, we get an automorphism of Or{C) 
and Or{Jr), which we denote by 9^ and 6*7^ respectively. Namely, we define the 
actions of ^ on a G C(C) and / G X = C(graphi?) by 9 ■ a{z) = a{9~^{z)) and by 
9 ■ f{z,R{z)) = f{9-\z),R{9~\z))) respectively. 

Theorem 8.2. Let the notation be as above and let be the Lyubich measure. If 
the automorphism of L°°{C, fi^) = L°°{Jfi, fi^) induced by 9 is non-trivial, then 9^ 
and 9j^ are outer. 

Proof. We use the notation in the proof of Theorem 17.41 Since 9^ preserves y?^, 
there exists an automorphism 9m of M satisfying 9m ■ = ■ 6*^. Since vr factors 
through Oji{Jji), to prove the theorem it suffices to show that 9m is outer. 
Let Sj = 5'<^(ijj.) and 

TV 

We claim that for any countable basis {wnj^i of X and / G L°°(C, /i^), the following 
hold: 

00 

Indeed, thanks to Lemma fH.(j| the right-hand side converges in the strong operator 
topology. Since Sln^Su^) commutes with ^(A)", we have 

N N 

7r(5„Jvr(/)(5;,) = 5^S,5*7r(S„j7r(/)7r(5;,) = 5^5,7r(/)S*7r(5„j7r(5;) 

fc=l k=l 

= $(7r(/))7r(5„j7r(5;,), 
which shows the claim. 
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Since is a basis of X too, we get 6'Af($(vr(/))) = $(6'Af (vr(/))) for every 

/ e L°°{C,^^) = 0(L°°(if7v, z/^v)). Now the statement follows from Lemma l8.ll as 
the proof of Theorem 17. HI shows that irlA)" coincides with B in Lemma f8. II □ 

Example 8.3. We denote by Gr the group of Mobius transformations commuting 
with R. Then Gr is a finite subgroup of PSL{2,C) (see [jj pp. 104]) and Gr 
is either a cyclic group, a dihedral group or the group of symmetries of a regular 
tetrahedron, octahedron or icosahedron. It is known that there exist exactly three 
rational functions with 2 < deg i? < 30 such that Gr is the group of symmeties of 
a regular icosahedron, which is isomorphic to (see Doyle and McMullen 0). 

Let R{z) = for n > 2 and let lj be the primitive (n — l)th root of the unity. 
Then 

Gr = {Z,UJZ,...,UJ Z, 1. 

Z z z 

Thus Gr is isomorphic to the dihedral group Dn-i for n > 3 and is isomorphic to 
Z/2Z for n = 2. Therefore the G/j-action on Or{C) transitively acts on the set of 
extreme /3-KMS states for /3 > logra. 

Example 8.4. If R has only real coefficients, then 6{z) = 'z commutes with R. 

Remark 8.5. Let 7 = (71, 72, ■ ■ ■ , 7Ar) be a system of proper contractions on a com- 
pact metric space K satisfying the self-similarity condition. Then for a homeomor- 
phism 6 of K satisfying 6 ■'jj ■ = 'Jp{j), where p is a permutation of {1, 2, ■ ■ ■ , N}, 
a result similar to Theorem 18.21 follows from Lemma f8. II 
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